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T1.

Solutions to tutorial exercises for stochastic processes

Let  # u, then c(x,n) = c(z,n,) for all n € S. So we have y(z,u) = sup, |c(x,n) —
n(z,m.)| = 0 and also M =sup, >_, ., v(z,u) =0 < co. Define the generator

Lfm) = clz,n)(f(na) — f(n))

zeV

on the domain

D(L) = {f € O(5) © Y swp| () — )] < oo} .

zev N

Then it follows from Theorem 5.2 that £ is a probability generator. So there exists
a spin system with rate function c(z, 7).

Let (z;);eny be an enumeration of V' and consider V,, = {x1,...,x,}. Similar to (a)
there exists a spin system 7" € {0, 1} with rate function c(z,n), so that M = 0
and

en=_inf (c(zs,m) — c(xs,m5,)) = min By, + 6, > 0.

1<i<n, n 1<i<n
It follows that the spin system 7; is ergodic. Furthermore the unique stationary
measure is given by u, under which the state of all z;, 1 < ¢ < n, is Bernoulli
distributed with parameter %, independently of each other. This follows from
the following calculation:

/’Cnf(n):un(dn) = Z/ (ﬂxil{n(:ci):o} + 6@1{77(951-):1}) (f(n:m) - f(n)):un(dn)

= Z 55&% > (fne) = fm) + (f(na,) — f(m))

v 1 O, nin(2s)=0 nn(zs)=1
=0.

Let u be the distribution under which the state of all € V' is Bernoulli distributed
with parameter /3ﬁ5wa independently of each other, so that u|s, = p,. Consider the
spin system (7;);>0 with initial distribution v. Let ;" = n|s, , then (') is an ergodic

spin system and

IP’ZZL — u, weakly as t — oo.

Since |J,, S», = S and S is compact it follows from the convergence from the finite-
dimensional distributions ]P’;;? that the measures on the entire .S also converge, i.e.,

Py, — p weakly as ¢ — oo.



T2. (a) Let D be the maximum degree of the graph. Since c(x,n) is determined by the
configuration of neighbours of x, we have that a(x,y) = 0 whenever z # y and
x ~ y. It follows that

—supz a(z,y) = sup Z sup|cx77y c(x,n)| < 2D* < oo.
zeV Yt zeV yzay !

From Theorem 5.2 we conclude that there is a spin system with rate function ¢(z, n).

(b) Consider V = Z<. Consider the ‘checkerboard’ configuration n € S given by
n(xz) = ||zl mod 2.

Let £ =1 —n. Then c(z,n) = c(x,£) =0 for all x € V. It follows that ¢, and . are
two distinct stationary measures, so that the spin system is not ergodic.

Now let V' = Z/mZ for m even. We again consider the configurations 7 given by
n(x) =z mod 2,

and £ = 1 —n. Then, since m is even, c¢(z,n) = c¢(x,&) = 0 for all z € V. It follows
that 6, and J; are two distinct stationary measures, so that the spin system is not
ergodic.

Now consider V' = Z/mZ for m odd. We can now no longer define the checkerboard
configuration, since the neighbours m —1 and 0 would receive the same spin. Instead,
we will show that this spin system is in fact ergodic. For a configuration 7, let n(n)
be the number of edges for which the vertices have different spin:

n(n) = n(x) #nlz+ 1)},

Observe that n(n;) > n(ns) for all ¢ > s. We claim that the unique stationary
measure is the uniform measure on the set of configurations for which n(n) = m — 1.
We define

n":=(0,1,0,...,1,0,1,1,0,...,1), & :=(1,0,1,...,0,1,1,0,1,...,0),
where k is the vertex for which n*(k) = #*(k + 1) and &*(k) = &*(k + 1). We define
1 m—1
mTi=— (Snk + 5£k.

2m
k=0

The measure 7 is stationary by T10.3, since

= S S ) () — ) + el ) F(ED) — F(E)
k=0 z€V

= ST )~ RO+ Fl ) — £+ A — A + ek — A€
k=1

=0



since ny = n*t, & = €571 kL, = P and &, = €M Tt remains to show that
7 is the only stationary measure. Since V' is finite, the spin system is a continuous
time Markov chain. The set of configurations

A= nly) =m -1} = ({6,

is an absorbing set for the Markov chain. Furthermore, the Markov chain restricted to
A is irreducible. It follows that the restricted chain has a unique stationary measure,
which then must be 7. Finally, since A is the set of absorbing configurations, any
stationary measure cannot put weight outside of A. It follows that 7 is the unique
stationary measure for the complete process.

T3. Let L be the generator of the coupled spin system with domain

D(L) =

{f e C(S%) = > sup|[f(ne,C) = F(, Ol + 1 (0, Ce) = F(m, Ol +1f (02 &) = F(0, Q)] < OO}-

For f € D(L) we can write

L0, ¢)=> a0, Q) (f(n:¢) = f(n,0)

zeV

+ 62(1‘7 n, C) (f(na Cx) - f(”v C)) + 6?)(I7 n, C) (f(%, Cﬂc) - f(777 C))’

where ¢1,¢y and ¢3 are the rates at which (n,() changes to (1.,(),(n,() and (9., ()
respectively. These are given by

51(‘T7 m, C) = IL{77(:1:):0,((:):):1}Cl (xa 71) + IL{7)(:1:)21} (Cl (ZL‘7 77) - CQ(xv C))?
Co (2,1, ¢) = Lcy=0y (c2(, Q) — cr(,m)) + Lin@)=oc()=1y (c1(z,n) — ca(w, (),
63(‘737 7, C) - IL{C(Z’)ZO}Cl (xa 77) + IL{77(x):1}c2(xa C)



